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We prove some existence results of positive continuous solutions to the semilinear
parabolic system u − ∂u
∂t = λp(x, t)g(v), v − ∂v∂t = μq(x, t) f (u) in an unbounded
domain D with compact boundary subject to some Dirichlet conditions, where λ and μ
are nonnegative parameters. The functions f , g are nonnegative continuous monotone on
(0,∞) and the potentials p, q are nonnegative and satisfy some hypotheses related to the
parabolic Kato class J∞(D).
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1. Introduction
The study of nonlinear parabolic systems has a strong motivation and important research efforts have been made recently
for these systems aiming to apply the results of existence and asymptotic behavior of positive solutions in applied ﬁelds
such as Chemistry, Physics, Biology and Ecology, etc. In these areas, u = u(x, t), v = v(x, t) represent temperatures, concen-
trations and densities of two interacting components in the evolution processes. In the stationary case, coupled nonlinear
Schrödinger systems arise in the description of several physical phenomena such as the propagation of pulses in birefringent
optical ﬁbers and Kerr-like photorefractive media, see [1,9]. We also refer to [2–8,13,15] and the references therein for some
recent results on the qualitative analysis of the solutions in both elliptic and parabolic cases.
In this paper, we exploit the results proved in [5] for elliptic systems and those established in [11] for absorption
parabolic equations in exterior domains aiming to study the existence of global positive continuous solutions, in the sense
of distributions, for the following nonlinear parabolic system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
u − ∂u
∂t
= λp(x, t)g(v) in D × (0,∞),
v − ∂v
∂t
= μq(x, t) f (u) in D × (0,∞),
u(x,0) = αu0(x) + aHDϕ(x) in D,
v(x,0) = βv0(x) + bHDψ(x) in D,
u/∂D×(0,∞)(ξ, t) = aϕ(ξ) and v/∂D×(0,∞)(ξ, t) = bψ(ξ),
(1.1)
where D is an unbounded C1,1 domain of Rn (n 3) with compact boundary, a, b, α, β , λ and μ are nonnegative constants
such that (a + α)(b + β) > 0, the functions u0, v0 are nonnegative continuous in D , the functions ϕ , ψ are nonnegative
* Corresponding author.
E-mail addresses: adelmm4@yahoo.fr (A. Ben Dkhil), noureddine.zeddini@ipein.rnu.tn (N. Zeddini).0022-247X/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2010.05.012
364 A. Ben Dkhil, N. Zeddini / J. Math. Anal. Appl. 371 (2010) 363–371continuous on ∂D and HDϕ , HDψ are respectively the harmonic functions on D with boundary values ϕ , ψ and with limit
zero at inﬁnity, the nonlinearities f , g : (0,∞) → [0,∞) are continuous and either both nondecreasing or both nonincreas-
ing and the functions p,q are nonnegative measurable satisfying some hypotheses related to the parabolic Kato class J∞(D)
deﬁned in [12] as follows
Deﬁnition 1.1. A Borel measurable function q in D ×R belongs to the class J∞(D) if for all c > 0,
lim
r→0Nc,r(q) = 0,
and
Nc,∞(q) = lim
r→∞Nc,r(q) < ∞,
where for c > 0 and r > 0,
Nc,r(q) = sup
(x,t)∈D×R
t+r∫
t−r
∫
B(x,
√
r)
min
(
1,
δ2(y)
1∧ |t − s|
)
Γc
(
x, |t − s|, y,0)∣∣q(y, s)∣∣dy ds.
Here, throughout this paper, δ(y) is the euclidean distance from y to the boundary ∂D , a ∧ b = min(a,b) for a,b ∈ R and
the function Γc is given by the following formula
Γc(x, t, y, s) = 1
(t − s) n2 exp
(
−c |x− y|
2
t − s
)
for t > s and x, y ∈Rn.
Let G(x, t, y, s) be the Green’s function of the operator u− ∂
∂t on D × (0,∞) with Dirichlet boundary conditions. Then the
parabolic potential of any nonnegative measurable function f on D × (0,∞) is deﬁned by
V f (x, t) =
t∫
0
∫
D
G(x, t, y, s) f (y, s)dy ds =
t∫
0
Pt−s
(
f (., s)
)
(x)ds,
where for any nonnegative measurable function ϑ on D , Pϑ denotes the lower semicontinuous function deﬁned by
Pϑ(x, t) = Ptϑ(x) =
∫
D
G(x, t, y,0)ϑ(y)dy for t > 0 and x ∈ D.
In this work, we will give two existence results for the system (1.1) as f and g are nondecreasing or nonincreasing. To
this aim we introduce the condition imposed on the initial data u0, v0 and we recall some properties of the parabolic Kato
class J∞(D) established in [12] and [11].
Deﬁnition 1.2. (See [11].) Let ω be a nonnegative superharmonic function in D . We say that ω satisﬁes the condi-
tion (H0) if ω is a locally bounded function on D such that the map (x, t) → Ptω(x) is continuous in D × (0,∞) and
limx→∂D Ptω(x) = 0, for every t > 0.
Example 1.1. (See [11].) Here we give some superharmonic functions satisfying (H0).
• ω(x) = 1. In fact, every bounded superharmonic function satisﬁes (H0).
• Let p0 > 0 such that ep = (0,0, . . . ,0, p) ∈ D ∀p  p0. Let βp > 0 such that
βpG(x, ep)
1
2p
if ‖x− ep‖ 1
2
and put ω(x) =
∞∑
p=p0
min
(
p, βpG(x, ep)
)
for x ∈ D,
where G is the Green’s function of the Dirichlet laplacian in D . Then ω is an unbounded continuous potential on D satis-
fying limx→∂D ω(x) = 0. This means that ω is a nonnegative superharmonic function in D such that the greatest harmonic
minorant of ω in D is zero. Hence, it follows from [14, Theorem 2.3, p. 167] that there exists a measure μ on D such that
ω(x) = Gμ(x) = ∫D G(x, y)dμ(y), for each x ∈ D . Now, using the Fubini theorem and the reproducing property we obtain
that
Ptω(x) = PtGμ(x) =
∫
D
G(x, t, z)Gμ(z)dz
=
∞∫ [∫ (∫
G(x, t, z)G(z, s, y)dz
)
dμ(y)
]
ds0 D D
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∞∫
t
(∫
D
G(x, r, y)dμ(y)
)
dr.
This gives that for each x ∈ D we have
ω(x) = Gμ(x) = PtGμ(x) +
t∫
0
(∫
D
G(x, r, y)dμ(y)
)
dr.
Now, since the functions (x, t) → PtGμ(x) and (x, t) →
∫ t
0 (
∫
D G(x, r, y)dμ(y))dr are lower semicontinuous in D × (0,∞)
and ω is continuous in D we obtain that the map (x, t) → PtGμ(x) is continuous in D × (0,∞). Consequently ω satis-
ﬁes (H0).
Now, we recall some properties of the class J∞(D).
Proposition 1.3. (See [11].)
a) L∞(D) ⊗ L1(R) ⊂ J∞(D).
b) J∞(D) ⊂ L1loc(D ×R).
The following proposition will be needed in the proof of the second existence result and it is the combination of Corol-
lary 2.12 and Proposition 2.15 in [11].
Proposition 1.4. (See [11].) Let q be a nonnegative function in J∞(D). Then there exists a positive constant αq such that for each
nonnegative superharmonic function ω in D and all (x, t) ∈ D × (0,∞) we have
V (qPω)(x, t) αq Pω(x, t),
and
V (qω)(x, t) αqω(x).
In particular V q is a bounded function in D × (0,∞).
Let h = 1 − HD1 be the unique harmonic function in D with boundary value zero and having limit 1 at inﬁnity. Then
from [10] there exists a constant C > 0 such that
1
C
min
(
1, δ(x)
)
 h(x) C min
(
1, δ(x)
)
for each x ∈ D. (1.2)
Moreover we have the following
Proposition 1.5. (See [12, p. 527].) Let ϕ0 ∈ J∞(D) and ϕ0  0. Then the family of functions{
(x, t) →
t∫
0
∫
D
h(y)G(x, t, y, s)ϕ(y, s)dy ds, 0 ϕ  ϕ0
}
is uniformly bounded and equicontinuous on D × [0,∞).
Another continuity result was proved in [11] and will be needed in the sequel.
Proposition 1.6. (See [11].) Let v be a superharmonic function in D satisfying (H0) and q be a nonnegative function in J∞(D). Then
the family of functions
{
(x, t) → V f (x, t) =
t∫
0
∫
D
G(x, t, y, s) f (y, s)dy ds; | f | qP v
}
is equicontinuous in D × [0,∞).
Moreover, for each x ∈ D we have limt→0 V f (x, t) = limy→∂D V f (y, t) = 0, uniformly on f .
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In this section we will give a ﬁrst existence for system (1.1). To this aim, we ﬁx two nonnegative superharmonic functions
ω and θ satisfying (H0), we assume that α = β = 1 and we adopt the following hypotheses.
(H1) The functions f , g : (0,∞) → (0,∞) are nondecreasing and continuous.
(H2) For each x ∈ D we have limt→0 Ptu0(x) = u0(x), limt→0 Pt v0(x) = v0(x) and there exist c1 > 1, c2 > 1 such that
1
c1
ω(x) u0(x) c1ω(x) in D,
1
c2
θ(x) v0(x) c2θ(x) in D.
(H3) The functions p,q are nontrivial nonnegative in D such that
p˜ := pg(c2Pθ + bHDψ)
Pω
∈ J∞(D)
and
q˜ := qf (c1Pω + aHDϕ)
Pθ
∈ J∞(D).
Example 2.1. Suppose that ω(x) = θ(x), a = b = 0 and there exist η1  0, η2  0 with η1 + η2 > 0 such that f (r) η1r + η2
and g(r) η1r + η2 for r ∈ (0,∞). Then, for all c  0, we have
pg(cPθ) η1cpPθ + η2p = η1cpPω + η2p and qf (cPω) η1cqPω + η2q.
Hence if p and q are nonnegative functions in D such that η1p ∈ J∞(D), η1q ∈ J∞(D), η2 pPω ∈ J∞(D) and η2 qPω ∈ J∞(D),
then the hypothesis (H3) is satisﬁed.
Lemma 2.1. If (H2) is satisﬁed, then the functions Pu0 and P v0 are continuous in D × (0,∞).
Proof. We prove that Pu0 is continuous in D × (0,∞). Let c1 be the constant given in (H2). Since P (c1ω−u0) and Pu0 are
lower semicontinuous in D × (0,+∞), we deduce from (H0) and the equality Ptu0(x) = c1Ptω(x) − Pt(c1ω − u0)(x) that
Pu0 is also upper semicontinuous. Hence Pu0 is continuous in D × (0,+∞).
Similarly, we have P v0 is continuous in D × (0,+∞). 
Lemma 2.2. If the hypotheses (H2)–(H3) are satisﬁed, then
λ0 := inf
(x,t)∈D×(0,∞)
Ptw(x) + ac1HDϕ(x)
c1V (pg(c2Pθ + bHDψ))(x, t) > 0
and
μ0 := inf
(x,t)∈D×(0,∞)
Ptθ(x) + bc2HDψ(x)
c2V (qf (c1Pw + aHDϕ))(x, t) > 0.
Proof. By the hypothesis (H2) we have
Pw + ac1HDϕ  1
c1
Pu0 + ac1HDϕ  1
c1
Pu0
and
c1V
(
pg(c2Pθ + bHDψ)
)= c1V (p˜ P w).
Using hypothesis (H3) and Proposition 1.4 there exists a positive constant αp˜ such that
c1V
(
pg(c2Pθ + bHDψ)
)= c1V (p˜ P w) c1αp˜ Pω αp˜c21Pu0.
Thus
Pw + ac1HDϕ
c1V (pg(c2Pθ + bHDψ)) 
1
c1
Pu0
αp˜c
2
1Pu0
= 1
c31αp˜
> 0,
which implies that λ0 > 0. Similarly we prove that μ0 > 0. 
A. Ben Dkhil, N. Zeddini / J. Math. Anal. Appl. 371 (2010) 363–371 367Theorem 2.3. Assume that α = β = 1 and the hypotheses (H1)–(H3) are satisﬁed. Then for each λ ∈ [0, λ0) and each μ ∈ [0,μ0),
the system (1.1) has a positive continuous solution (u, v) such that⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(
1− λ
λ0
)
(Pu0 + aHDϕ) u  Pu0 + aHDϕ,(
1− μ
μ0
)
(P v0 + bHDψ) v  P v0 + bHDψ.
Proof. We deﬁne the sequences (uk)k1 and (vk)k1 by⎧⎪⎨
⎪⎩
v1 = P v0 + bHDψ,
uk = Pu0 + aHDϕ − λV
(
pg(vk)
)
for k 1,
vk+1 = P v0 + bHDψ − μV
(
qf (uk)
)
for k 1,
and we intend to prove that for each k 1, we have
0<
(
1− λ
λ0
)
(Pu0 + aHDϕ) uk  uk+1  Pu0 + aHDϕ, (2.1)
0<
(
1− μ
μ0
)
(P v0 + bHDψ) vk+1  vk  P v0 + bHDψ. (2.2)
Clearly, for each k 1 we have{
uk  Pu0 + aHDϕ,
vk  v1 = P v0 + bHDψ.
Now, from the deﬁnition of λ0 and μ0 we have for each (x, t) ∈ D × (0,∞) that
λ0c1V
(
pg(c2Pθ + bHDψ)
)
(x, t) Ptw(x) + ac1HDϕ(x)
and
μ0c2V
(
qf (c1Pw + aHDϕ)
)
(x, t) Ptθ(x) + bc2HDψ(x).
Hence, using hypothesis (H1) we obtain
uk = Pu0 + aHDϕ − λV
(
pg(vk)
)
 Pu0 + aHDϕ − λV
(
pg(P v0 + bHDψ)
)
 Pu0 + aHDϕ − λV
(
pg(c2Pθ + bHDψ)
)
 Pu0 + aHDϕ − λ
λ0c1
(Pω + ac1HDϕ)
 Pu0 + aHDϕ − λ
λ0c1
(c1Pu0 + ac1HDϕ)

(
1− λ
λ0
)
(Pu0 + aHDϕ)
and
vk+1 = P v0 + bHDψ − μV
(
qf (uk)
)
 P v0 + bHDψ − μV
(
qf (Pu0 + aHDϕ)
)
 P v0 + bHDψ − μV
(
qf (c1Pω + aHDϕ)
)
 P v0 + bHDψ − μ
μ0c2
(Pθ + bc2HDψ)
 P v0 + bHDψ − μ
μ0c2
(c2P v0 + bc2HDψ)

(
1− μ
μ0
)
(P v0 + bHDψ).
On the other hand we have v2 − v1 = −μV (qf (u1)) 0 and u2 − u1 = λV (p(g(v1) − g(v2))) 0.
By induction, we assume that uk  uk+1 and vk+1  vk . Then we have vk+2 − vk+1 = μV (q( f (uk) − f (uk + 1))) 0 and
uk+2 − uk+1 = −λV (p(g(vk+2) − g(vk+1))) 0.
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⎪⎪⎩
(
1− λ
λ0
)
(Pu0 + aHDϕ) u  Pu0 + aHDϕ,(
1− μ
μ0
)
(P v0 + bHDψ) v  P v0 + bHDψ.
Now, we prove that (u, v) is a solution of the system (1.1). Since (uk)k1 and (vk)k1 satisfy (2.1), (2.2) and f , g are
nondecreasing and continuous, we deduce from hypothesis (H3), Proposition 1.6 applied to the functions (q˜, θ) and (p˜,ω)
and Lebesgue’s theorem that u and v satisfy{
u = Pu0 + aHDϕ − λV
(
pg(v)
)
,
v = P v0 + bHDψ − μV
(
qf (u)
)
.
(2.3)
Next, we claim that u and v satisfy⎧⎪⎨
⎪⎩
u − ∂u
∂t
= λp(x, t)g(v) in D × (0,∞),
v − ∂v
∂t
= μq(x, t) f (u) in D × (0,∞).
(2.4)
Indeed, using hypotheses (H0), (H3) and Proposition 1.3 we have p˜ Pω = pg(c2Pθ + bHDψ) ∈ L1loc(D × (0,∞)). Now since
0  pg(v)  pg(P v0 + bHDψ)  pg(c2Pθ + bHDψ), then pg(v) ∈ L1loc(D × (0,∞)). Moreover from hypothesis (H3) and
Proposition 1.6, we have
V
(
pg(v)
) ∈ C(D × (0,∞)) and lim
t→0 V
(
pg(v)
)
(x, t) = lim
y→∂D V
(
pg(v)
)
(y, s) = 0. (2.5)
Similarly, we obtain that qf (u) ∈ L1loc(D × (0,∞)) and we show that
V
(
qf (u)
) ∈ C(D × (0,∞)) and lim
t→0 V
(
qf (u)
)
(x, t) = lim
y→∂D V
(
qf (u)
)
(y, s) = 0. (2.6)
Now, applying the heat operator  − ∂
∂t in (2.3) and using Lemma 2.1, we deduce that (u, v) is a positive continuous
solution (in the sense of distributions) of (2.4).
Finally, from (2.3), (2.5), (2.6) and hypothesis (H2) we have⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
lim
t→0u(t, x) = limt→0 Ptu0(x) + aHDϕ(x) = u0(x) + aHDϕ(x), x ∈ D,
lim
t→0 v(t, x) = limt→0 Pt v0(x) + bHDψ(x) = v0(x) + bHDψ(x), x ∈ D,
lim
y→ξ∈∂D u(y, t) = limy→ξ∈∂D aHDϕ(y) = aϕ(ξ), t > 0,
lim
y→ξ∈∂D v(y, t) = limy→ξ∈∂D bHDψ(y) = bψ(ξ), t > 0.
This completes the proof of the theorem. 
Example 2.2. Let 1 s < ∞ and r  1 such that 1s + 1r = 1. Let σ > ns2 and  2s − nσ < τ . For ϑ ∈ Lσ (D) and φ ∈ Lr(R), we
put q0(x, t) = ϑ(x)(δ(x))(1+|x|)τ− φ(t) for (x, t) ∈ D × (0,∞). Using Propositions 2.7 and 2.8 in [11], we deduce that q0 ∈ J∞(D).
Let ε > 0, 0< η < 1 and ν > 1− η. Put p0(x, t) = 1(1+|x|)εtη(1+tν ) for (x, t) ∈ D × (0,∞). Then p0 ∈ L∞(D)⊗ L1(R) and so
by Proposition 1.3 we obtain p0 ∈ J∞(D).
Now, let γ > 1, κ > 1 and ω = θ be a positive superharmonic function satisfying (H0). Let u0 and v0 be two nonnegative
functions satisfying (H2) and p, q be two nonnegative functions in D such that p(x, t)  ω1−γ (x)p0(x, t) and q(x, t) 
ω1−κ (x)q0(x, t).
Then using that Ptω  ω for t > 0, the hypothesis (H3) is satisﬁed and so by Theorem 2.3 there exist λ0,μ0 > 0 such
that for all λ ∈ [0, λ0) and μ ∈ [0,μ0), the problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
u − ∂u
∂t
= λp(x, t)vγ in D × (0,∞),
v − ∂v
∂t
= μq(x, t)uκ in D × (0,∞),
u(x,0) = u0(x) in D,
v(x,0) = v0(x) in D,
u = v = 0/∂D×(0,∞) /∂D×(0,∞)
A. Ben Dkhil, N. Zeddini / J. Math. Anal. Appl. 371 (2010) 363–371 369has a positive continuous solution (u, v) in D × (0,∞), in the sense of distributions, satisfying for each t > 0, x ∈ D ,⎧⎪⎪⎨
⎪⎪⎩
(
1− λ
λ0
)
Ptu0(x) u(x, t) Ptu0(x),(
1− μ
μ0
)
Pt v0(x) v(x, t) Pt v0(x).
3. Second existence result
In this section, we aim at proving another existence result for (1.1) in the particular setting λ = μ = a = b = 1 and in
the case where the nonlinearities f and g are nonincreasing. More precisely we ﬁx two nonnegative constants α, β , two
nonnegative continuous functions u0, v0 in D , a nontrivial nonnegative continuous function φ on ∂D and we give some
suﬃcient conditions about ϕ , ψ , p and q in order to ensure the existence of a positive continuous solution, in the sense of
distributions, for the following system⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
u − ∂u
∂t
= p(x, t) f (v) in D × (0,∞),
v − ∂v
∂t
= q(x, t)g(u) in D × (0,∞),
u(x,0) = αu0(x) + HDϕ(x) in D,
v(x,0) = βv0(x) + HDψ(x) in D,
u/∂D×(0,∞)(ξ, t) = ϕ(ξ) and v/∂D×(0,∞) = ψ(ξ).
(3.1)
In the sequel we put h0 = HDφ and we adopt the following hypotheses:
(H4) The functions f , g : (0,∞) → [0,∞) are nonincreasing and continuous.
(H5) The functions p˜ = p f (h0)h0ρ and q˜ = q
g(h0)
h0ρ
belong to J∞(D), where ρ(x) = min(1, δ(x)).
Our second existence result in this paper is the following
Theorem 3.1. Under the hypotheses (H4) and (H5), there exists a constant c > 1 such that if ϕ  cφ and ψ  cφ on ∂D, then the
problem (3.3) has a positive continuous solution (u, v) satisfying for each (x, t) ∈ D × (0,∞)
αPtu0 + h0  u  αPtu0 + HDϕ,
β Pt v0 + h0  v  β Pt v0 + HDψ.
Proof. Let c = 1+αp˜ +αq˜ , where αp˜ , αq˜ are the constants deﬁned in Proposition 1.4 associated respectively to the functions
p˜ and q˜ given in hypothesis (H5). Let ϕ and ψ be two nonnegative continuous functions on ∂D such that ϕ  cφ and
ψ  cφ. Then using the maximum principle we have HDϕ(x) ch0(x) and HDψ(x) ch0(x) for each x ∈ D .
Let d > 0 and put
C0
(
D × [0,d])= {ω ∈ C(D × [0,d]); lim|x|→∞ supt∈[0,d]ω(x, t) = 0
}
and
Λ = {ω ∈ C0(D × [0,d]); h0 ω HDϕ}.
Let α  0, β  0 and deﬁne the operator T on the closed convex set Λ by
Tω = HDϕ − V
(
pf
[
β P v0 + HDψ − V
(
qg(ω + αPu0)
)])
.
We will show that the operator T has a ﬁxed point in Λ.
First, we show that TΛ ⊂ Λ. Let ω ∈ Λ. Then using hypotheses (H4)–(H5) we obtain
V
(
qg(ω + αPu0)
)
 V
(
qg(h0)
)
= V (q˜ρh0)
 V (q˜h0)
 αq˜h0.
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β P v0 + HDψ − V
(
qg(ω + αPu0)
)
 β P v0 + ch0 − αq˜h0
 β P v0 + (1+ αp˜)h0
 h0 > 0.
Hence
pf [β P v0 + HDψ − V (qg(ω + αPu0))]
h0
 pf (h0)
h0
 p˜ρ. (3.2)
Consequently using hypothesis (H5) and Proposition 1.6, we deduce that the family of functions {V (pf [β P v0 + HDψ −
V (qg(ω + αPu0))]): ω ∈ Λ} is relatively compact in C0(D × [0,d]). Since HDϕ ∈ C(D × [0,d]), we deduce that the set TΛ
is also relatively compact in C(D × [0,d]).
Similarly
V
(
pf
[
β P v0 + HDψ − V
(
qg(ω + αPu0)
)])
 V
(
pf (h0)
)
= V (p˜ρh0)
 V (p˜h0)
 αp˜h0.
So
Tω HDϕ − αp˜h0  ch0 − αp˜h0
= (1+ αq˜)h0
 h0.
This together with the fact that Tω HDϕ imply that TΛ ⊂ Λ.
Now, we prove the continuity of the operator T in Λ in the supremum norm ‖.‖∞ . Let (ωn)n∈N be a sequence in Λ
which converges uniformly to a function ω in Λ. Then, for each x ∈ D , we have∣∣Tωn(x) − Tω(x)∣∣ V [p∣∣ f (β P v0 + HDψ − V (qg(ωn + αPu0)))− f (β P v0 + HDψ − V (qg(ω + αPu0)))∣∣].
On the other hand, using (3.2) we have
p
∣∣ f (β P v0 + HDψ − V (qg(ωn + αPu0)))− f (β P v0 + HDψ − V (qg(ω + αPu0)))∣∣
 2p
∣∣ f (β P v0 + HDψ − V (qg(h0)))∣∣ 2pf (h0) 2p˜‖h0‖∞.
Now, since p˜ ∈ J∞(D), by Proposition 1.4 V p˜ is bounded. So, by the dominated convergence theorem we deduce that
for all x ∈ D , Tωn(x) → Tω(x) as n → +∞. Consequently, as TΛ is relatively compact in C(D × [0,d]), we deduce that
the pointwise convergence implies the uniform convergence. Namely, ‖Tωn − Tω‖∞ → 0 as n → +∞. Therefore, T is a
continuous mapping from Λ into itself. So, since TΛ is relatively compact in C(D × [0,d]), it ﬂows that T is compact
mapping on Λ. So, by the Schauder ﬁxed-point theorem there exists ωd ∈ Λ such that Tωd = ωd .
Finally we follow the idea of Zhang in [16] and we deﬁne
Wd(x, t) =
{
ωd(x, t) if t  d,
ωd(x,d) if t  d.
Then the sequence (Wd)d is uniformly bounded and equicontinuous. Hence, there exists a sequence (Wdm )m which con-
verges uniformly in any compact subset of D × (0,∞) to a continuous function W . For (x, t) ∈ D × (0,∞) and m suﬃciently
large, we have
Wdm (x, t) = HDϕ(x) − V
(
pf
[
β P v0 + HDψ − V
(
qg(Wdm + αPu0)
)])
(x, t).
Then by the dominated convergence theorem, we have
W (x, t) = HDϕ(x, t) − V
(
pf
[
β P v0 + HDψ − V
(
qg(W + αPu0)
)])
(x, t).
Put u(x, t) = W (x, t) + αPtu0(x) and v(x, t) = β Pt v0(x) + HDψ(x) − V (qg(u))(x), for (x, t) ∈ D × (0,∞). Then (u, v) is a
positive continuous solution of (3.3) in the sense of distributions. 
A. Ben Dkhil, N. Zeddini / J. Math. Anal. Appl. 371 (2010) 363–371 371Example 3.1. Let D = {x ∈ Rn: |x| > 1}, 0 < δ and 0 < γ . Let p, q be two nonnegative functions such that
(
|x|n−1
|x|−1 )
1+γ |x|
|x|−1 p(x, t) and (
|x|n−1
|x|−1 )
1+δ |x|
|x|−1q(x, t) are in J
∞(D).
Let ϕ , ψ and φ be three nontrivial nonnegative continuous functions on ∂D . Since
h0(x) = HDφ(x) =
∫
∂D
|x|2 − 1
|x− z|n φ(z)σ (dz)
 C |x| − 1|x|n−1 ,
then the hypotheses of Theorem 3.1 are satisﬁed and consequently for each α  0, β  0 there exists a constant c > 1 such
that if ϕ  cφ and ψ  cφ, the problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
u − ∂u
∂t
= p(x, t)v−γ in D × (0,∞),
v − ∂v
∂t
= q(x, t)u−δ in D × (0,∞),
u(x,0) = αu0(x) + HDϕ(x) in D,
v(x,0) = βv0(x) + HDψ(x) in D,
u/∂D×(0,∞)(ξ, t) = ϕ(ξ) and v/∂D×(0,∞) = ψ(ξ)
(3.3)
has a positive continuous solution (u, v), in the sense of distributions, satisfying for each (x, t) ∈ D × (0,∞)
αPtu0(x) + h0(x) u(x, t) αPtu0(x) + HDϕ(x),
β Pt v0(x) + h0(x) v(x, t) β Pt v0(x) + HDψ(x).
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